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Monte Carlo implementation of Schiff's approximation for estimating radiative properties of homogeneous, simple-shaped and optically soft particles: Application to photosynthetic micro-organisms 
a b s t r a c t
In the present paper, Schiff's approximation is applied to the study of light scattering by large and optically-soft axisymmetric particles, with special attention to cylindrical and spheroidal photosynthetic micro-organisms. This approximation is similar to the anomalous diffraction approximation but includes a description of phase functions. Resulting formulations for the radiative properties are multidimensional integrals, the numerical resolution of which requires close attention. It is here argued that strong benefits can be expected from a statistical resolution by the Monte Carlo method. But designing such efficient Monte Carlo algorithms requires the development of non-standard algorithmic tricks using careful mathematical analysis of the integral formulations: the codes that we develop (and make available) include an original treatment of the nonlinearity in the differential scattering cross-section (squared modulus of the scattering amplitude) thanks to a double sampling procedure. This approach makes it possible to take advantage of recent methodological advances in the field of Monte Carlo methods, illustrated here by the estimation of sensitivities to parameters. Comparison with reference solutions provided by the T-Matrix method is presented whenever possible. Required geometric calculations are closely similar to those used in standard Monte Carlo codes for geometric optics by the computer-graphics community, i.e. calculation of intersections between rays and surfaces, which opens interesting perspectives for the treatment of particles with complex shapes.
Introduction
Retrieving the radiative properties of non-spherical particles between the resonance domain and the geometricoptics domain is a significant difficulty encountered in a wide range of radiative studies. The usual numerical methods used to solve Maxwell's equations rigorously, such as Lorenz-Mie, T-Matrix, FDTD, and Volume Integral methods (MOM, DDA), present some practical limitations concerning their implementation for particles which are both large compared with wavelength, and complex-shaped or strongly elongated [1] [2] [3] . This is mainly due to computer memory size limitations for methods based on volume or surface discretization, e.g., DDA, and floating point accuracy for methods based on functional decomposition, e.g., T-Matrix. This identified difficulty provides the motivation for current research efforts: on one hand, the domains of applicability of these numerical methods are continuously being extended (see, e.g., [4, 5] for recent developments regarding the DDA method and [6] for the II-T-Matrix approach), leading to significant advances (e.g., recent studies of optical properties of blood platelets [7] , red blood cells [8] , E. coli bacteria [9] or coccoliths [10] ). On the other hand, approximate models are being improved (e.g., in the field of geometric optics [11] [12] [13] ). Among them, Van de Hulst's anomalous diffraction approximation [14] has its place in that it is a compromise between accuracy and computational time. It is widely used in the field of atmospheric science [15, 16] , astrophysics [14, 17] , biomedical engineering [18] and oceanography [19] , for estimating the single-scattering cross sections of optically soft particles. This asymptotic approximation addresses situations where refractive-index contrasts are low between the particle and its surrounding medium (i.e. for soft particles): its validity conditions are x⪢1 ð1Þ and jm r À 1j⪡1 ð2Þ where x ¼ 2πa=λ e is the particle's size parameter, with a being the characteristic length of the particle, m r its complex relative refractive-index and λ e the wavelength of incident radiation within the surrounding medium. But a significant restriction of the anomalous diffraction approximation is that it does not allow the phase function to be calculated for the full range of scattering angles ½0; π (or, indeed, the asymmetry parameter). This limitation motivated the present investigation of Schiff's approximation, which was developed in the field of quantum mechanics [20] concurrently with the anomalous diffraction approximation. Both approximations are identical, except for that Schiff's approximation includes a description of the scattering amplitude at large scattering angles, which makes it possible to formulate phase functions. In Section 2 we show that, despite being a significant simplification of the scattering problem, when particle size and orientation distributions are included, the formulation of radiative properties under anomalous diffraction or Schiff's approximation gives multidimensional integrals that are not straightforward to evaluate efficiently, especially in the case of the differential scattering cross-section. Yet, despite the significant number of studies that use this approximation, only little work has been done on its numerical implementation and, to our knowledge, no code is available for the resolution of Schiff's approximation. 1 In the present paper, we report a numerical implementation based on the most recent methodological advances in the field of the Monte Carlo method (along the line of [22] ), including integral formulation [23, 24] (in Section 3), sensitivity analysis [25, 26] (in Section 3.3) and variance reduction [27] (in Appendix A). The Monte Carlo method is particularly relevant for evaluating the multidimensional integrals of Schiff's approximation since its convergence is dimension-independent [28, 29] , which is not the case with usual quadrature methods. As a consequence, the calculation times for evaluating the radiative properties averaged over size and orientation distribution are the same as it is for evaluating the properties of an isolated particle with fixed size and orientation. Moreover, the Monte Carlo method allows us to evaluate simultaneously the three cross-sections (extinction, absorption, scattering), their sensitivities to any parameter and the corresponding numerical errors, all that without a significant increase in the calculation times (compared to the evaluation of just one of these quantities). Nevertheless, resolution of Schiff's approximation for the differential cross-section at large scattering angles remains an open question, due to severe convergence difficulties (encountered with both Monte Carlo and quadrature methods) [30] . This well-known difficulty, called the "negative sign problem", is often encountered when solving wave equations (in the present case Helmholtz's equation) with the Monte Carlo method [31] . For this reason, we developed a further simplification of Schiff's approximation for large-angle scattering, which is included in the present study (see Appendix F and [30] ). Validation of this large-angle scattering model in Section 4.1 shows appropriated accuracy for studies that are not exclusively focused on backscattering (in such studies, as for example when modelling natural waters/ocean color background [19] , other approaches might be preferred). The Monte Carlo algorithms that are used in Section 4 are detailed in Appendix D and Appendix E, and the corresponding codes are made available in Supplementary Material [32] (these codes have been developed for parallel implementation).
The present work was initiated by the study of visible-light transfer within photosynthetic micro-organism suspensions, for the development of photobioreactors devoted to efficient photobiological carbon dioxide fixation and biofuel production [33] [34] [35] [36] . These photosynthesis engineering studies rely on the construction of databases to gather accurate knowledge of the radiative properties of micro-algae: absorption, scattering and extinction cross sections, as well as the cumulative of the differential scattering cross-section (i.e. the angular distribution of the scattered power). Constructing such databases not only requires routine procedures for estimating radiative properties, but also demands an analysis of the sensitivities of these properties to micro-organism species, culture conditions, incident light fluxes and spectral distribution, in order to design relevant tabulation of size parameter, shape and complex refractive index (see Section 3.3). The task is challenging since estimating and analyzing the radiative properties of micro-algae either implies highly specialized experiments [34] , or the resolution of Maxwell's equations for particles with types of heterogeneities, sizes and shapes for which the usual numerical methods are yet impracticable in most cases [30, 2, 1, 3] (both experimental and numerical approaches complementing each other). Therefore, the use of lightscattering approximations is, to date, necessary and Schiff's approximation has been demonstrated to be one of the best available models for the study of photosynthetic microorganisms [30] : equivalent-sphere size parameters range from x¼10 to x¼200, relative refractive indices are typically from m r ¼ 1:01 Ài 0 to m r ¼ 1:1 Ài 5 Á 10 À 2 [34, 30] and Schiff's approximation makes it possible to account for their complex and elongated shapes (up to 50 times longer than wide), including complete angular description of the scattering process (in addition to the absorption and extinction crosssections). In a recent publication [30] we proposed and validated a generic methodological chain for the predictive determination of micro-algae's radiative-properties based on Schiff's approximation for equivalent homogeneous particles with cylindrical and spheroidal shapes whose size distribution, aspect ratio and refractive index are determined by analyzing the morphology and photosynthetic-pigment content of micro-organisms. Our numerical implementation of Schiff's approximation is a key feature of this methodological chain (but was not described in [30] ) because it can obtain calculation times and accuracies that are compatible with the databases that we aim to produce and distribute for the purpose of photobioreactor studies (see Section 4) . We report these numerical developments separately in the present paper because they are not restricted to the study of photosynthetic micro-organisms: they address any application of Schiff's approximation for homogeneous spheroids and cylinders.
The extension of our approach to the treatment of particles with more complex shapes than cylinder and spheroid is discussed in Section 5 and appears to be conceptually rather straightforward thanks to the computational tools presented in [22] . Finally, this work lays the foundations for subsequent investigations of the convergence difficulties encountered at large scattering angles (or when solving Helmholtz's equation in general) using the zero variance approach [23, 37, 38] .
Schiff's approximation
The mathematical demonstration of Schiff's approximation is fully detailed in [20] and the corresponding physical pictures were clearly explained by Van de Hulst [14] in the context of the anomalous diffraction approximation. Without re-demonstrating Schiff's approximation, we recall hereafter its fundamental mathematical and physical bases and give the resulting general expressions in the context of lightscattering by soft particles.
In his seminal article [20] , Schiff developed an approximation for the study of high-energy electron scattering by heavy nuclei. He addresses the wave function ψ solution of the Schrödinger equation
with the asymptotic functional form
where r is the magnitude of the location vector r ! , ℏ 2 U=2m ¼ V is the energy of the scattering potential U,
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, where E is the total energy of the incident particle. (2) k e a⪢1, where a is the characteristic length corresponding to a significant variation of the potential U.
The transposition to our study is straightforward: using the scalar description of electromagnetic wave propagation (which neglects depolarization effects), we address the electric field E solution of the Helmholtz equation [14, 3, 39 ]
with asymptotic functional form (far field zone)
where k e is the wave number of an incident plane wave with propagation direction e ! i , m r is the particle's relative refractive-index and Sð e ! s ; e ! i Þ is the scattering amplitude in direction e ! s . Therefore, solutions obtained in [20] (b) assumption (2) corresponds to large particles compared to the wavelength (i.e. large size parameters
where a is the characteristic dimension of the particle (its radius for a sphere).
The demonstration proposed by Schiff consists in applying the stationary phase approximation to the infinite Born-series expansion of the scattering amplitude. The Born series is an integral over the infinite dimensional space
where V p is the volume of the particle [3] . The major difficulty when solving this integral is that the integrand rapidly oscillates within V p when particles are large compared to incident wavelength. Schiff takes advantage of situations where particles are large and refractive-index contrasts are low (i.e. when the validity conditions (a) and (b) are satisfied) by explicitly exhibiting regions of the integration domain that significantly contribute to the scattering amplitude, and other regions where the integrand is rapidly oscillating around zero, leading to second-order contributions that are neglected. Only the stationary phase regions, where the integrand is not oscillating, are retained in the expression of the scattering amplitude under Schiff's approximation. Finally, in the context of light scattering, the first-order Taylor series approximation k 2 e ðm 2 r À 1Þ C2k 2 e ðm r À 1Þ around m r ¼1 has to be included in Schiff's results so that the order of approximation for the scattering potential is consistent with that for the scattering amplitude S (see [39] ). This demonstration leads to the validity conditions (Eqs. (1) and (2)), and to the definition of an angle θ l that sets the limit between small and large scattering angles [30, 20] :
wherex ¼ 2πã=λ e is the size parameter calculated for the Fig. 1 . Schematic view defining the geometric quantities that appear in Schiff's approximation. A rotationally symmetric particle is submitted to an incident plane wave E i with propagation direction e ! i . The orientation of the particle is defined by the direction of its rotational axis e ! o (corresponding to the two spherical angles θ o and φ o ). e ! s is the considered scattering direction (corresponding to θ s and φ s ). (a) For small scattering angles θ s , we consider straight rays starting at location r ! ðx; yÞ of the projected surface Pð e ! o ; r eq Þ of the particle seen from the incident direction (where r eq is the radius of the volume-equivalent sphere). lð r ! ; e ! o ; reqÞ is the crossing length of such a ray passing through the particle until it exits the particle. (b) For large scattering angles θ s , we consider rays entering the particle with direction e ! i , scattered at a location r ! ðx; yÞ inside the particle volume, and leaving it with direction e ! s . l in ð r ! ; e ! i ; e ! o ; r eq Þ is the length of the ray from its entry into the particle to r ! and l out ð r ! ; e ! i ; e ! o ; r eq Þ the length from r ! to its exit of the particle.
smallest characteristic dimensionã of the scatterer (this dimension controls the angular aperture of the scattered power). For small scattering angles ðθ s ≲θ l Þ, the integration domain of Born's series reduces to the projected surface P of the particle and the resulting expressions are identical to that given by the anomalous diffraction approximation. For a homogeneous axisymmetric particle with fixed size r eq and orientation e ! o located within a non-absorbing surrounding medium with homogeneous refractive index n e , formulation of the scattering amplitude [20, 14] is given by Eq. (8) where we choose to characterize the particle's size and orientation respectively by the radius r eq of its volume equivalent sphere and the unit vector e ! o along its symmetry axis (see Fig. 1 ).
S e
where k e ¼ 2π=λ e is the wave number of incident radiation with wavelength λ e , r ! ¼ ðx; yÞ is a location on the projected surface Pð e ! o ; r eq Þ of the particle seen from the incident direction e ! i , lð r ! ; e ! o ; r eq Þ is the crossing length through the particle for the straight ray along e ! i that intersects Pð e ! o ; r eq Þ at location r ! , and the scattering direction e ! s is defined by the scattering angles θ s and φ s (see Fig. 1 ). Using the optical theoremσ ext ¼ ð4π=k e Þ RSð e ! i ; e ! i ; e ! o ; r eq Þ and the definitionŴ s ¼ jSj 2 for the differential scattering cross-section [14, 39] , the formulation of the radiative properties is (as for the anomalous diffraction approximation) 
whereσ ext ,σ a andσ s are respectively the extinction, absorption and scattering cross-sections,Ŵ s is the differential scattering cross-section and n r and κ r are respectively the real and imaginary part of the particle's relative refractive index 2 : m r ¼ n r À iκ r . As further detailed in [14] , these formulations of the radiative properties can be interpreted in the light of simple physical pictures that are directly related to the validity conditions (Eqs. (1) and (2)):
x⪢1, which ensures that the ray picture of the geometrical optics is applicable, jm r À 1j⪡1, which ensures that the reflection and refraction of incident light by the particle can be ignored: the incident rays cross the particle in a straight line, they do not bend when entering and leaving the particle.
Therefore, a straight ray that crosses the particle with crossing length l is attenuated and phase-shifted according to expðÀik e ðm r À1ÞlÞ ¼ expðÀk e κ r lÞ expðÀik e ðn r À 1ÞlÞ compared to an incident ray that does not pass through the particle. These attenuations and phase shifts give the electric field in a plane perpendicular to e ! i at coordinate z just beyond the particle. Then, Schiff's approximation consists in applying Huygens' principle to this plane in order to propagate the electromagnetic wave and account for interferences in the far field region [14] (which leads to the Fraunhofer-like diffraction pattern R P exp½ik e θ s ðx cos φ s þy sin φ s Þ⋯ in Eq. (12)).
For large scattering angles ðθ s ≳θ l Þ, formulation of the scattering amplitude under Schiff's approximation is the following integral over the volume V p of the particle [20] :
where
r eq Þ is the length of an incident ray between its entry into the particle and the location r ! within the particle, and l out ð r ! ; e ! s ; e ! o ; r eq Þ is the length of a ray starting from the location r ! with the scattering direction e ! s until it exits the particle (see Fig. 1b ). Other notations have been defined after Eq. (12) . When studying light-scattering within the scalar description of wave propagation, pure geometrical effects due to the vectorial nature of the electromagnetic fields must be accounted for. Indeed, the scalar description only assumes that parallel and perpendicular components of the field are solutions of the same equation, but projection of these components on the plane perpendicular to e ! s must be treated. In the present context (i.e. radiative properties calculation for incoherent non-polarized incident fields) these effects come down to the multiplication ofŴ s by the pre-factor ð cos 2 ðθ s Þþ1Þ=2 (as for Rayleigh-Gans approximation [39] ), which leads to:
The physical pictures associated with large-angle scattering remain closely similar to those for small angles, but the deviation of optical paths by the particle can no longer be neglected. This deviation is not due to refraction and reflection at the interface between the particle and the surrounding medium (we stay within the same pictures as before) but it is due to the interaction between the incident radiation and the material constituting the particle: attenuation and phase shift are now calculated according to the crossing length l in þ l out of "single-scattering" paths (see Fig. 1b ). The above equation is a significant contribution of Schiff's approximation for the evaluation of soft particles' radiative properties since, in conjunction with Eq. (12), it gives an expression of the single-scattering phase function (which is not the case with the anomalous diffraction approximation). Nevertheless, numerically estimating Eq. (14) requires tackling severe convergence difficulties 3 (negative sign problem), which is a research field in itself that is out of the scope of the present paper [31] . But the physical pictures of Schiff's approximation at large angles remain available and, although numerically tedious to evaluate, Eq. (14) has interesting mathematical properties. Based on these pictures and mathematical properties, a simplified but fully practical description of large-angle scattering is derived in Appendix F for the study of photosynthetic micro-organisms cultivated in photobioreactors. In the following, we use this simplified model (which is reported hereafter in Eq. (18)) and the resulting phase functions are validated against T-Matrix results in Section 4.
Up to this point, we have considered a particle with fixed size and orientation. Let us now average the previous results over the particle size distribution p Req ðr eq Þ and orientation distribution p E ! o ð e ! o Þ in order to obtain the radiative properties of a suspension of particles under the assumption of independent scattering:
where 4π is the total solid angle (integration space for orientations) and expressions ofσ ext ,σ a andŴ s are respectively given in Eqs. (9), (10) and (12) . We note that once averaged over the particles' orientation distribution, the differential scattering cross-section (Eq. (17)) for a collection of axisymmetric particles is a function only of the scattering angle θ s : it does not depend on φ s (see Fig. 1 and [3] (18), then A and B are adjusted as described in Appendix G.
The next paragraphs are devoted to the resolution of Eqs. (15)- (18) with the Monte Carlo method.
Integral formulation of the Monte Carlo algorithms
In this section, we follow the methodology presented in [22] to develop a statistical formulation of the integral expressions obtained with Schiff's approximation for the radiative properties, in order to solve them using the Monte Carlo method. The resulting algorithms are the direct translation of the physical pictures discussed in Section 2: first, size and orientation of the scatterer are randomly sampled according to its size and orientation distributions, then a straight incident ray is sampled, and finally the attenuation and phase shift due to the ray's path through the particle is computed.
Cross sections
To obtain a statistical description of the cross-sections, we introduce an arbitrary probability density function 
which can be written as the Monte Carlo integral formulation 
where Pð e ! o ; r eq Þ is the area of the projected surface Pð e ! o ; r eq Þ, i.e. that each point of Pð e ! o ; r eq Þ has the same probability of being sampled. Injecting Eq. (23) into the general expression of the Monte Carlo weight (Eq. (22)) leads to the specific expression (Eq. (25)) for w ext .
By applying the same methodology to Eqs. (16) and (17), and also keeping the same choice for p R ! ð r ! Þ, the following Monte Carlo integral-formulation can be derived for the three cross-sections σ i , where subscript i refers either to extinction (ext), absorption (a) or scattering (s):
with w i the Monte Carlo weight functions:
where the location r ! of the projected surface P only appears within the crossing length lð r ! ; e ! o ; r eq Þ that is known analytically for spheroidal and cylindrical particles (see Fig. 1a for the definition of l and [40] , Appendices D and E for its analytical expression).
The sampling procedure of the corresponding Monte Carlo algorithm is the direct translation of Eq. (24) (see Fig. 2 ):
Step 1: An orientation e ! o of the particle is sampled over the total solid angle according to the orientation distribution p E ! o ð e ! o Þ (any distribution can be used).
Step 2: A radius r eq for the volume equivalent sphere is sampled over 0; þ 1½ according to p Req ðr eq Þ, defining the size of the particle (any distribution can be used).
Step 3: A location r ! is uniformly sampled over the projected surface Pð e ! o ; r eq Þ defined by the particle's orientation e ! o and size r eq (which were sampled at Steps 1 and 2).
Step 4: The crossing length lð r
!
; e ! o ; r eq Þ of the straight ray starting at r ! is computed (see Fig. 1a ).
Step 5: The Monte Carlo weights w ext , w a and w s are computed according to Eqs. (25)- (27) .
This sampling procedure is repeated N times to get N values of the weights w ext , w a and w s , indexed w ext;j , w a;j and w s;j respectively. Then, the cross sections are evaluated as σ i Cð1=NÞ P N j ¼ 1 w i;j , where i either stands for ext, a or s, and the corresponding standard deviations are evaluated as (see [22] ):
We note that in this algorithm, the scattering crosssection is not evaluated as the difference σ s ¼ σ ext À σ a between the extinction and absorption cross-sections, like in Eq. (16), but instead σ s is evaluated as the average of the Monte Carlo weights w s;j ¼ w ext;j Àw a;j (see Eq. (26)). Both strategies lead to strictly identical numerical results (because the expectation is a linear operator), but we retained the second strategy because it permits the straightforward calculation of the corresponding numerical error using Eq. (28). 4 Of course this approach is only pertinent because with Monte Carlo method, calculation times for evaluating simultaneously the three crosssections (as in our algorithm) are very similar to those for evaluating just one cross-section.
Differential scattering cross-section at small angles
with the notations of Fig. 1a : we recall that x and y are the coordinates of the location r ! of the projected surface
Pð e ! o ; r eq Þ; θ s and φ s are the scattering angles. Our aim here is to design a Monte Carlo algorithm for the direct evaluation of W s , without intermediate calculation steps dedicated to the evaluation of the real and imaginary parts of
Obtaining such a statistical description compatible with the Monte Carlo method implies getting rid of the squared modulus in Eq. (29) . This can be done by using the following mathematical trick:
where we have omitted the dependency of function g to θ s and φ s for the sake of legibility, and where R and I are the real and imaginary parts of a complex number. Injecting Eq. (31) 1) . In this formulation, the squared modulus was treated by increasing the dimension of the integration domain: instead of integrating over P, we now integrate over P Â P. In the present context, this is not a drawback since convergence of the Monte Carlo method is dimension-independent [28, 29] . When compared to the algorithm of Section 3.1 in which only one ray (i.e. one location r ! ) was sampled for each realization of the Monte Carlo algorithm, we hereafter have to sample two rays (i.e. two locations r ! 1 and r ! 2 ) for each realization of the particle's orientation and size. This is the only difference between the Monte Carlo algorithms for the cross sections and for the differential cross section. The sampling procedure is the direct translation of Eq. (32):
Step 1: An orientation e ! o of the particle is sampled over the total solid angle according to the orientation
(any distribution can be used).
Step 3: A first location r ! 1 is uniformly sampled over the projected surface Pðθ o ; r eq Þ.
Step 4: A second location r ! 2 is uniformly sampled over the projected surface Pðθ o ; r eq Þ.
Step 5: The crossing lengths lð r ! 1 ; e ! o ; r eq Þ and lð r ! 2 ; e ! o ; r eq Þ of the two rays starting at r ! 1 and r ! 2 are computed.
Step 6: The Monte Carlo weight w is computed according to Eq. (33) (for any value φ s , e.g. φ ¼ 0 5 ).
When implementing the Monte Carlo algorithm corresponding to Eqs. (32) and (33), we record convergence difficulties due to significant oscillations of the weight function (Eq. (33)) with respect to particle orientations e ! o . Therefore we implement in Appendix A a variancereduction technique consisting in rearranging the integral formulation (Eq. (32)) in order to explicitly exhibit an analytic solution for the integration over φ o . In the codes that we provide [32] , this optimized Monte Carlo algorithm is implemented to evaluate simultaneously the differential scattering cross-section at several scattering angles θ s , in the same manner as the algorithm of Section 3.1 was used to simultaneously evaluate three cross-sections: several weights wðθ s;1 Þ, wðθ s;2 Þ, wðθ s;3 Þ, etc. are computed at Step 6.
When using radiative properties as input parameters for the resolution of the radiative transfer equation with the Monte Carlo method, as in [23, 22] 
Sensitivity analysis
When a Monte Carlo algorithm is used for the estimation of a physical quantity A, a simple and fast additional procedure can be implemented that simultaneously estimates the partial derivatives ∂ π A of A with respect to any parameter π [22, 26, 23] . A significant benefit of the Monte Carlo integral-formulations that we established in the previous paragraphs is that, based on these formulations, such sensitivity analyses are straightforward in most cases (see [22] for an overview and [26] for the least straightforward case of domain deformation sensitivities). The methodology consists in deriving the integral formulation of A with respect to π, in order to get an integral formulation for ∂ π A that is the direct mathematical translation of an algorithm evaluating ∂ π A. Hereafter we focus on the sensitivities of the cross-sections σ i with respect to wavelength λ e ¼ 2π=k e , real part n r and complex part κ r of the relative refractive index (where σ i is either the crosssection for extinction σ ext , absorption σ a or scattering σ s ). We recall the integral formulation (Eq. (24):
; r eq ; r ! ; λ e ; n r ; κ r Þ ð 36Þ
where the parameters λ e , n r and κ r (hereafter noted π) only appear in the weight function w i : they do not appear in the sampling probability density functions, in the integration domain or in any algorithm test. Therefore, the integral formulation of the nth derivative ∂ n π σ i is identical to that of σ i in Eq. (36), replacing only w i with its derivative ∂ n π w i (which corresponds to case a in Sec. 2.3 of [22] ):
In other words, the same random sampling procedure is used to estimate σ i and ∂ n π σ i ; only the computation of new weight functions ∂ n π w i is added at Step 5 of the algorithm presented in Section 3.1 (see Fig. 2 ). The general expressions for these weights ∂ n π w i are given in Appendix C. Since the calculation of σ ext , σ a , σ s and their sensitivities to λ e , n r and κ r are carried out with the same Monte Carlo algorithm, no significant additional CPU time is required for our sensitivity analysis (see discussion in Section 3.1).
The knowledge of these sensitivities can be a significant help in the process of designing databases and interpolating radiative properties within these databases. On one hand it can help to locate regions of the parameter space where a refined mesh is needed due to strong variations of the radiative properties (these are regions where values of ∂ 2 π σ i are high) and to locate regions where a looser mesh structure is suitable (where values of ∂ 2 π σ i are lower). On the other hand, once databases including sensitivities are established, an interpolation strategy can be based on the sensitivities: for example, the free parameters in a spline interpolation curve are precisely ∂ n π σ i . See kspectrum [41] [42] [43] for an example of radiative properties database constructed with such a sensitivity-based approach.
Results for spheroidal and cylindrical photosynthetic micro-organisms
The algorithms proposed in Section 3 can be used to address particle shapes with any kind of rotational symmetry, under the condition that the crossing lengths l can be computed. We have implemented the algorithms for spheroids and cylinders (using the analytical expressions of l indicated in Appendices D and E), as a first step towards more complex shapes. The shapes of both the spheroid and the cylinder are defined by their elongation R, corresponding to the ratio between the horizontal axis and the axis of revolution (R o 1 for prolate and R 4 1 for oblate spheroids or cylinders). First, in Section 4.1, we validate Schiff's approximation (and our Monte Carlo implementation) by comparing the results of the algorithms presented in Section 3 with reference results obtained using a T-Matrix code (developed by Mishchenko et al. [3] ). Due to the current limitations of T-Matrix codes, such a validation can only be performed for micro-organisms with small elongations (i.e. small values of jRÀ 1j) and small median size-parameters x ¼ 2πr eq =λ e (calculated over the size distribution). Here we use R¼0.837 (typical value for Chlamydomonas reinhardtii [30, 34] ) and x ox lim , where x lim corresponds to the limit value of the size parameter beyond which the T-Matrix code [3] diverges (here x lim % 36 6 ). Then, in Section 4.2, we apply Schiff's approximation to larger (up to x ¼ 200) and more elongated micro-organisms (up to R¼0.02, i.e. a particle 50 times longer than wide, typical for Arthrospira platensis). Promising perspectives for assessing the accuracy of Schiff's approximation for such large size parameters and strong elongations include recent advances in methods based on volume discretization such as ADDA [5] , experimental measurements in single scattering condition [34] as well as microwave analog measurements [44] .
The physical parameter values and orientation/size distributions were chosen in order to represent typical configurations for studies of photosynthetic microorganisms [34, 30] . More precisely, the following choices were made: the wavelength of the electromagnetic wave propagating in the surrounding medium is λ e ¼ 450 nm 7 ;
the real part of the micro-organism's relative refractive index n r is in the range [1.01;1.1] and its complex part is
Þ is chosen as an isotropic probability density function, as in [30] :
p Req ðr eq Þ is chosen as a log-normal probability density function, as in [30] : (footnote continued) integration over the size distribution p Req (values of r eq higher than r eq;max are neglected). Here, r eq;max was determined to satisfy p Req ðr eq Þ o 10 À 3 for all r eq 4 r eq;max .
where r eq is the median radius (here 0:07 μm r r eq r 15 μm, corresponding to 1 rx r 200) and s is the width parameter of the distribution (here s¼1.18, typical value for Chlamydomonas reinhardtii). efficiency factors
where 〈Pð e ! o ; r eq Þ〉 is the mean area of the projected surface, and the single scattering phase function
We also show pðθ s Þ sin ðθ s Þ which is proportional to the density of the energy fraction scattered with angle θ s .
Validation: comparison of Schiff's approximation with TMatrix reference results
Cross sections: Figs. 3 and 4 show the absorption (Q a ) and the scattering (Q s ) efficiencies calculated for, respectively, spheroidal and cylindrical particles with small elongation. The corresponding Monte Carlo simulations were performed with N ¼ 10 6 realizations, which leads to numerical uncertainties always smaller than 0.2%. Comparison of the results obtained using Schiff's approximation to those obtained with the T-Matrix code (in the parameter range still compatible with the T-Matrix code [3] i.e.
x o x lim ) shows that Schiff's approximation gives highly accurate results for size parameters typical for photosynthetic microorganisms (x 4 10 corresponding to r eq 40:7 μm) when the refractive-index contrast is low (n r ¼ 1.01): the relative difference is always smaller than 2% (for both Q a and Q s , and for both spheroidal and cylindrical particles). As expected, the accuracy progressively decreases when the refractiveindex contrast is increased: for n r ¼1.1 (upper limit value in most studies of photosynthetic micro-organisms), the difference reaches 7.5% for Q s and 16% for Q a . Moreover, the relative error is (slightly) decreasing with the size parameter x: from 16.1% at x¼24 to 15.9% at x¼36 for the spheroidal particle in Fig. 3 , and from 15.8% at x¼19.3 to 15.6% at x¼32.7 for the cylindrical particle in Fig. 4 . Differential scattering cross sections: Figs. 5 and 6 show the single scattering phase function pðθ s Þ (and the quantity sin ðθ s Þpðθ s Þ that is the contribution of angle θ s to the cumulative of the phase function, an important quantity in radiative transfer analysis) calculated for, respectively, spheroidal and cylindrical particles. The plots are provided for n r ¼1.08 (which is already a strong refractive-index contrast for photosynthetic micro-organisms). We notice good accuracy up to θ s % 701 (Fig. 5) and θ s % 1001 (Fig. 6) . For larger angles, the discrepancy increases, but this contributes very little to the total scattered energy. Overall, the accuracy of Schiff's approximation is still very satisfying with regard to the requirements of photosynthesis engineering.
Sensitivities: The direct calculation of sensitivities of radiative properties to a physical parameter π using the Monte Carlo method was validated by comparison with the sensitivities computed using a standard finite difference approach (as in [26] ). Here, this is exemplified by the sensitivities of the cross sections σ i to the imaginary part κ r of the refractive index. On one hand, the direct Monte Carlo sensitivity ∂ κr σ i at κ r ¼ κ r;j is estimated using the Monte Carlo weight given in Appendix C (with N ¼ 10 6 realizations). On the other hand, the corresponding finite difference sensitivity is computed as
where δκ r is small (here δκ r ¼ 3:2 Á 10 À 4 , note that the finite difference sensitivity converges to the exact sensitivity when δκ r -0), and σ i ðκ r À δκ r Þ and σ i ðκ r þ δκ r Þ are estimated with the Monte Carlo algorithm used in Fig. 3 . The associated standard deviation is estimated as
where stdðσ i ðκ r þ δκ r ÞÞ and stdðσ i ðκ r À δκ r ÞÞ are the standard deviations for the Monte Carlo estimates of σ i ðκ r À δκ r Þ and σ i ðκ r þ δκ r Þ. The corresponding numerical results obtained for a spheroidal particle are shown in Fig. 7 and confirm that the sensitivities are correctly calculated using the Monte Carlo weight of Appendix C.
Application to large and elongated photosynthetic micro-organisms
In [30] , we used Schiff's approximation to predict radiative properties required for the resolution of the radiative transfer equation in typical photobioreactor configurations. This involved size parameters up to x % 200 and elongations up to R % 0:02 (for Arthospira platensis). All the corresponding numerical results are provided in [30] , including validation against experimental normal-hemispherical transmittance measurements. In the present paper, Figs. 3 and 4 also display absorption and scattering cross sections of spheroidal and cylindrical particles for large size parameters (up to x ¼ 200). We do not show more numeric values of radiative properties, because this is not the objective of the present paper, which focuses on the calculation method. We prefer to provide the computational times required to calculate the three cross sections σ i and the cumulative of the differential scattering cross section CW s ðθ s Þ (we do not compute W s ðθ s Þ as all the information is already contained in its cumulative CW s ðθ s Þ) at small angles ðθ s rθ l Þ for cylindrical and spheroidal particles with large size parameter ðx ¼ 100Þ and elongations up to R¼0.02 (which corresponds to typical values for photosynthetic micro-organisms). All these quantities were evaluated with an accuracy of 0.5% (i.e. all the relative standard deviations stdðσ i Þ=σ i and stdðCW s ðθ s ÞÞ=CW s ðθ s Þ are lower than 0.5%). Note that the required number N of Monte Carlo realizations (and therefore the total computation time) is governed by CW s ðθ l Þ, for which convergence is the lowest. All the computations were carried out on a computer cluster equipped with 20 Intel(R) Xeon(R) CPU E5-2680 v2 @ 2.80 GHz biprocessors. The computational time for the three cross sections σ i is always lower than 3s (even when using only a single processor). With regard to the cumulative of the differential scattering cross section, the number of small scattering angles θ s;k r θ l , k ¼ 1; 2; 3; …, at which CW s ðθ s;k Þ is computed by the Monte Carlo algorithm is defined so that there are 1000 equally-spaced scattering angles in ½0; π: e.g. this corresponds to 93 small scattering angles for R¼0.02. Note that, in this case, CW s ðθ l Þ=σ s % 0:97 i.e. 97% of the scattered energy is described by the small-angle model. In Table 1 , when using a single processor, we recorded total computational times always lower than 30 min, even for very elongated micro-organisms (R¼0.02). With parallelization on 20 processors, the computation time was reduced to less than 3 min. Such computation times are adequate for applications such as the production of databases of radiative properties for radiative transfer studies in photobioreactors (see [45] for a recent example). However, the convergence of the differential scattering cross section W s ðθ s Þ itself is much slower: in the case of a cylinder with R¼0.2, the computational time required to achieve a precision of 0.5% is ca. 3 h.
Conclusion and perspectives
In this work, a Monte Carlo implementation of Schiff's approximation for homogeneous cylindrical and spheroidal particles has been developed and applied to the calculation of the radiative properties of photosynthetic micro-organisms with large size parameters and strong elongations, for which the standard numerical methods of rigorously solving Maxwell's equations are still impracticable. The construction of our algorithms has been described and the corresponding codes are available in Supplementary Material [32] .
The following conclusions can be drawn:
Resolution of Schiff's approximation for the differential scattering cross-section (and its cumulative) at small angles has been made possible by increasing the dimension of the integration domain in order to treat the nonlinearity corresponding to the squared modulus of the scattering amplitude. This leads to a double sampling procedure for the location on the projected surface of the particle.
A comparison of Schiff's approximation with a T-Matrix code [3] (in the parameter range where the T-Matrix code [3] is still practicable) leads to satisfactory quantitative agreement with respect to the requirements of Calculating the sensitivities of the cross-sections to λ e , n r and κ r is straightforward, which is useful for the efficient production of radiative-properties databases.
The CPU time cost is compatible with the production of databases gathering σ ext , σ a , σ s and the cumulative CW s of the differential scattering cross-section of microorganisms. This is the information required for simulating radiative transfer within photobioreactors with the Monte Carlo method, as in [45] . Nevertheless, the evaluation of the differential scattering cross-section W s itself remains problematic (CPU time ca. three hours per wavelength) due to convergence difficulties, despite the convergence enhancement proposed in Appendix A.
A point worth particular attention in subsequent studies is our simplified model for scattering at large angles that does not correspond to the same level of accuracy than for small angles. We had to introduce it to avoid severe convergence difficulties when solving the original Schiff's approximation for θ s Z θ l . This permits us to obtain phase functions that allow radiative transfer simulations with fair accuracy, for applications in which large-angle scattering has small influence only. 8 Note that, for such applications, our simplified model is a significant improvement when compared to a simple isotropic model (i.e. W s ðθ s Þ ¼ A for θ s Z θ l instead of Eq. (18)), see Figs. 5 and 6. Applications that are focused on large-angle scattering (e.g., in oceanography) might motivate future investigations.
The present work focuses on homogeneous particles whose bounding surface can be described by quadratic parametric equations (e.g. cylinder and spheroid), in which case analytical expressions are available for the crossing lengths l of straight rays through the particle (see Fig. 1 ). Although this is a significant improvement compared with the standard sphere-equivalent description, these quadratic shapes still do not encompass the great morphological diversity of photosynthetic micro-organisms. Indeed, it has been shown in [30] that some complex-shaped micro-algae (e.g. Arthospira platensis) require a finer description of their geometry. When applying Schiff's approximation to such complex (non-quadratic) particles, the main difficulty is that of calculating the crossing lengths l (see [46] ). With our Monte Carlo approach this difficulty is reduced to that of calculating intersections between straight rays and the complex particle's bounding surface. In this perspective, we are presently investigating the extension of our codes through the use of recent computation tools issued by the computer-graphics research community for the acceleration of ray-tracing in complex geometries [22] . Another perspective of the present work concerns its extension to heterogeneous particles, which can benefit from recent developments concerning integral formulation of null-collision Monte Carlo algorithms [37] . Finally, based on the Monte Carlo integral formulation that is developed in the present paper, further convergence enhancements will be made possible using the zero variance approach [23, 37, 38] . [43] for fruitful discussions about the perspectives of this work, concerning radiative properties databases and ray tracing in complex geometry. We also acknowledge the CNRS research federation FedESol where fecund discussions and debates take place every year since 2012. The present Appendix provides a modified Monte Carlo algorithm that addresses the convergence difficulties observed when evaluating the differential scattering crosssection using the algorithm presented in Section 3.2 (corresponding to Eqs. (32) and (33)). This optimized Monte Carlo algorithm evaluates the very same quantity as the original one (no approximation is made and the corresponding integral formulations are mathematically equal), the only difference is the convergence speed. The only restriction of this optimization is that the orientation angle φ o of the particle must be uniformly distributed. This algorithm is implemented in the codes that we provide along with the present paper [32] .
The observed convergence difficulties are due to significant oscillations of the weight function (Eq. (33)) with respect to particle orientations e ! o . Therefore, we propose hereafter to enhance the convergence of this algorithm by implementing the variance-reduction technique called reduction of dimensionality [27] , which consists in rearranging the integral formulation (Eq. (32)) in order to explicitly exhibit an analytic (or symbolic) solution for the integration over the dimension responsible for the main variance source. In the present case this is the integration over the particle's orientation in the coordinate system ðx; y; zÞ of Fig. 1a . More precisely, we show hereafter that integration over φ o A ½0; 2π in Eq. (32) is analytic in the case of uniform probability density function p Φo ðφ o Þ ¼ 1=2π.
Analytic solution for the integration over φ o A ½0; 2π: First of all, one has to notice that averaging W s over φ o A ½0; 2π is strictly equivalent to averaging it over the scattering angle φ s A ½0; 2π (see Fig. 1a ). Indeed, this is the reason why the differential scattering cross-section of randomly oriented particles is a function of θ s only and not a function of θ s and φ s . Therefore, we replace the integration over φ o A ½0; 2π in Eq. (A.1) by an integration over φ s A ½0; 2π with uniform probability density function p Φs ðφ s Þ ¼ 1=2π and we address the integral 
where the only dependency on φ s is within (32), we obtain the integral formulation of our optimized Monte Carlo algorithm for evaluating the differential scattering crosssection at small angles:
where we arbitrarily choose uniform probability density 
ðA:14Þ with β r and β i defined at Eqs. (A.5) and (A.6) respectively (note that β r and β i only depend on r ! 1;2 via the crossinglength lð r ! 1;2 Þ). The sampling procedure of the corresponding Monte Carlo algorithm is the same as in Section 3.2, except for that only θ 0 is sampled at Step 1 and that the Monte Carlo weight w is computed according to Eq. (A.14) at Step 6. The only restriction of this optimized algorithm is that the orientation angle φ o of the particle is uniformly distributed. where γ ¼ 2πκ r l, δ ¼ 2πðn r À 1Þl and the quantities P n and Q n are defined by the polynomials sequences
and where α ¼ 4πκ r l and β n;i is defined by
Appendix D. Detailed monte carlo algorithm for spheroids
In the present Appendix we give the procedure for sampling locations on the projected surface of a spheroid as well as the expression of the crossing-lengths. The algorithms derived hereafter are implemented in the codes available in [32] .
Let us first focus on the integral formulation (Eq. (24) where w i is the Monte Carlo weight-function given in Eqs. (25)- (27) . For the differential scattering cross-section at small angles, we apply hereafter the optimized Monte Carlo algorithm presented in Eq. (A.13) (that is restricted to uniformly distributed orientation angles φ o ). Again, the integral formulation is independent of φ o . Therefore, any orientation φ o can be arbitrarily chosen in the following (results are independent of φ o ) and we choose φ o ¼ 0, that is to say that, in the coordinate system of Fig. 1 , the axis of revolution of the spheroid is contained in the plane ðx; y ¼ 0; zÞ and the axis y is perpendicular to the axis of revolution.
Here we consider a spheroid with semi-axis a in the direction perpendicular to the axis of revolution and aspect ratio R. The semi-axis of revolution of the spheroid is a=R. The volume of the spheroid is V p ¼ ð4π=3Þa
3 eq , where r eq is the radius of the volume-equivalent sphere, and therefore a ¼ R 1=3 r eq . The center of the spheroid is located at ðx ¼ 0; y ¼ 0; z ¼ 0Þ in the coordinate system of Fig. 1 . For such a spheroid (see [40] ):
The projected surface P is an ellipse with semi-axes a Integration over the projected surface: We introduce the substitution x ¼ a αðθ o Þρ cos φ and y ¼ aρ sin φ where ðρ; φÞ is a polar coordinate system associated with the unit disc on the plane (x,y): ρ A ½0; 1 and φ A ½0; 2π. Integration over the projected surface P becomes Z Therefore, the sampling procedure of the Monte Carlo algorithm evaluating the cross sections for isotropically oriented spheroids with log-normal size distribution is:
Step 1: An orientation angle θ o is sampled over ½0; π according to the isotropic probability density function p Θo ðθ o Þ ¼ sin θ o =2.
Step 2: A radius r eq for the volume equivalent sphere is sampled over 0; þ 1½ according to the log-normal distribution p Req ðr eq Þ given in Eq. (39) and the semiaxis a of the spheroid is computed as a ¼ R 1=3 r eq .
Step 3: ρ is sampled over ½0; 1 according to p P ðρÞ ¼ 2ρ.
Step 4: The crossing length l is computed according to Eq. (D.6).
Step where, unlike for σ i , the integrals over the angles φ 1 and φ 2 are kept since the Monte Carlo weight wðθ s Þ in Eq. (A.14) is a function of the coordinates x 1 , x 2 , y 1 and y 2 that depend on φ 1 and φ 2 . Therefore, the sampling procedure of the Monte Carlo algorithm evaluating the differential scattering cross-section at small angles for isotropically oriented spheroids with log-normal size distribution is:
Step 2: A radius r eq for the volume equivalent sphere is sampled over 0; þ1½ according to the log-normal distribution p Req ðr eq Þ given in Eq. (39) and a ¼ R 1=3 r eq is computed.
Step 3: φ 1 is uniformly sampled over ½0; 2π and ρ 1 is sampled over ½0; 1, defining a first location ðx 1 ; y 1 Þ on the projected surface.
Step 4: The first crossing length l 1 ðθ o ; r eq ; ρ 1 Þ is computed according to Eq. (D.6).
Step 5: φ 2 is uniformly sampled over ½0; 2π and ρ 2 is sampled over ½0; 1, defining a second location ðx 2 ; y 2 Þ on the projected surface.
Step 6: The second crossing length l 2 ðθ o ; r eq ; ρ 2 Þ is computed according to Eq. (D.6).
Step 
